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SUMMARY

Solutions of the boundary layer equatisn for an unsteady flow Lave
previously bec. Lotained for only a few boundary conditions such as those
wiilcn exist in suddenly accelerated or uniformly accelerating flows. In
‘his paper a general solution using the methad of successive approxima-
tions for an arbitrarily accelerating fiow is presented. The solution,
whlch 18 expressed in an integral form including the acceleration as a
cnosen tunction of tirme, 15 valid for both two-dimensional and ax1ially
symum.etrical flows,

In order to show the feasibility of the solution one example is pre-
sented where

U= (agt - a2 - a,td + a,tf) hix)

l.e., the variation of velocity outside of the boundary layer 1is a fourth
degree polynomial in time multiplied by a function h(x}.




h{x)

LIST OF SYMBOLS

acceleration outside boundary layer
function depending on shape of object
linear operator independent of t

function depending on shape of object
time

velocity outside boundary layer

Fourier sine transform of u;

velocity component of fluid in x direction
velocity component of fluid in y direction
boundary layer thickness as defined
shear stress

dynamic viscosity

kinematic viscosity
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A NEW SOLUTION OF THE BOUNDARY LAYER EQUATION
AND ITS APPLICATION

by
Fuat Odar

INTRODUCTION

The boundary layer and continuity equations for a two-dimensional flow in
the absence of sharp corners are

du du du _ 89U 8U #u

&-+uF£+V‘8—;‘T{*U6x+VW (1)
and

du 8v _

5‘; + 3}7 = 0 (Z)

in which u and v are the velocity components of the {iuid in the x and y direc-
tions and v is the kinematic viscosity. These equations are to be solved for
apprcpriate boundary conditions, Heretofore, no exact solution has been ob-
tained because of the extreme difficulty of solv.ng the nonlinear boundary layer
equation, Generally, a researcher finds that he must be satisfied with a solu-
tion involving successive approximations. A conventional method is outlined as
follows:

(a) Assume that the velocities are the sum of scme approximation terms

-

U 5 Ug +Up +Up +aeney V5 Vo bV 4Vl (3)

(b) Determine the values of these approximation terms consecutively from
the following differential equations.

"bt‘tiw%%i = fi(xy, t), SO N TP S (4)

%‘:‘;h%l’;i. 00, Q- 0,1.2.... (5)
in which

[ - %‘% (6a)

RN E T (6b)

3 :-uog-?-ul—:-l»:i— -vo%—“l-vl%—;i. (6c)

Further expressions for the functions {; can be developed when higher order
approximation is required. The boundary conditions are

W (x,0,t) = 0, wuglx,e,t) = Ulx,t), ug(x,y,0) = 0 (7a)

and
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uj{x, 0,t) = O, ui(x, g t) = 0, ui(x,y,0) = 0 (7b)

fori=1,2,3....

If the nonlinear (convective acceleration) terms in eq | are small compared
to the other terms, satisfactory answers may be obtained by calculating the first

two or three approximation terms. This may be the case if there is a rapidly
TT

2
accelerating flow where vg‘—/; and %‘: are large. Otherwise, the calculation of

higher order approximation terms may be necessary to obtain the desired ac-
curacy

Solutions of the approximation terirs have been obtained only for a very
limited number of problems. One of them is the case of a sudden acceleration
of a body starting at rest and mo'ring at a constant velocity thereafter. In this
casef, = 0 for t< 0 and f; - U(x)fort > 0. The solution for u, 1s given in
many of the standard textbooks on boundary layer theory (e.g., Schilichting,
1960). The solutions for u,; and u, were obtained by Blasius (19U8} and Goldstein
and Rosenhead (1936), respectively.

Another problem is the case of a unifrrm acceleration of a body which was
initially at rest. The solutions for uy, u; and u, for this case were sbtained by
Blasius (1908). More complicated cases involving some nonlinear accelerations,
where U = h(x)t" withn = 0,1,2,3,4, were studied by Goertler (1944). Recently
Watson (1955) extended the work of Blasius to the cases where U(t) AtS and
U(t) = Aect,

In all the problems mentioned above the fiow around the body was two-dim-
ensional. Boltze (1908) applied the method of successive approximations to solve
groblems where the flow is axiailly symmetrical. In this case the boundary laver
equation remains in the same fcrm but x and y are the curvilinear cocidinates
parailel and normal respectively to the surface of the body. The equation of
continuity changes to

2 Sl S <

in which r{x) 1s the variable radius which specifies the contoir of the body of
revolution. T.us, the cortinuitly equation for the approximation terms s

Oguir[ . Bgvlr[ 0 (9)
X \4

which should be considered instead of eq 5 in solving the problem of an axially
symmetrical boundary 'ayer. To the writer's knowledge, solutions for the first
three approximation terms in an axially symmetrical flow have been oblained
only for the case of a sudden acceleration by Boltze (1908).

@
—

The writer has solved eq 4 for an arbitrary f function and for an arbitrary
boundary condition, namely an arbitrary U(x, t)., The only lumitation 1s hat the
fluid shouid be imtially at rest. The solution 13 vahid for both two-dimensional
and axially symmetrical boundary layers.
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SOLUTION OF THE APPROAIMAT.ON TERMS

Before presenting the solution of the first approximation term it is neces-
sary to give some background information. Consider a linear differential equa-
tion of the type

Lu - g;-‘ (10)

in which L is a linear operator independent of t. Let g(x,t) be a solution of this

t

differential equation. If g(x,0) = 0, then fF(t-t')g(x, t')dt' is also a solution,
0

This mav be proved as follows:

t
Let t-t' = t'', The integral solution becomes fF(t")g(x, t-t'')de’, If the
0

derivative with respect to t is taken,

t
% ! F(U") g (x, t-t'")dt" = IF(:") 8 "[""' 4t + F(0)g(x.0)

can be obtained. The last terrn is zero since g{x,0) = 0, Since g(x,t) is a solu-
tion of eq 10

t
fF(tn) ésigt'_t;t_)_ dt" - jF(t")Lg(x,t-t")dt"
0 0

t

= Lf F{t") glx, t-t" ),

[}

The stated result follows immediately, These integral solutions were used by
Basset (1888) to solve the problem of an accelerating sphere in a fluid. They
are also widely used in heat conduction problems. The function F(t-t') 1s de-
termined from the boundary conditions,

Now the problem cf the unsteady fluid {low caused by an arbitrary and
rectilinear motien of an infiritely long flat plate will be investigated. The
Navier-Stokes equations recuce to

h 8%y

TR I (11)

in which u is the velocity paralle! to the plate. If the plate 18 accelerated sud-
denly from rest and its velocity is kept at unity thereaiter, the boundary con-
ditions are u(y, 0} = 0, u(0,t} - 1 and u{m t) = 0. The solution which can be
found in many standard textbooks {e.g, Schlichting, 1962) s

u = 1 -erfn {12)

o RO . N

e R PR e
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-1 .. . -
$y(vt)"2, For an arbitrary acceleration the boundary conditions are

where n =
=0, u(0,t} = U{t) and u{w, t) = 0. The integra! solution is

u{y, 0

t
uly,t) = fF(t-t'){l - erfn']de

1
where n' = fy(vt')"2 . According to the second boundary condition,

u(0,t) = fF(t-:')dt' = U(t).

[4

Thus,

F() = 3¢ = at)

where a is the acceleration, The sclution becomes

u(y,t) = j(l - erfn')a(s-t')dt’ (13)
0
where
0!
erfn! = 2073 f e %Lz,
0

This result will be used to obtain the solution of the first approximation
term, The differential equation for the first approximation term is

) 82 18
LIl 7= i (k)

and the boundary conditions are uy(x, 0,t) = 0, u,(x,,t) = U(x,t) and
uy {x,y, 0) = 0. By introdncing a new variable, uy'(x,y,t) = up(x, vy, t) - U(x,t),
thie differential equation reduces to

82yt

du,' ~

B vt C O (15)
and the boundary conditions change to uy'(x, 0,t) = -U(x,t), up'(x,%,t) = 0 and
up'(x,y,0) = 0. Note that U(x, 0) = 0.,

Equations 11 and 15 and their boundary conditions are the same except that
the second boundary condition of cq 15 has a minus sign. Thus the solution for
the first approximation term can be readily obtained in the form

o -}ttt an
0
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Inorder to calculate higher order terms of eq 3 2 Fourier sine trans-
form with respect to y is uscd, The Fourier sine transform and its inverse
transform are respectively

=, w0
u; = fui sinysdy and y; :% fﬁi sin ys ds, {17)

Y ¢

Multiplying ea 4 by sinys, integrating the second term (wice and using the
boundary conditiona on uj(x,y,t) gives

an; il
—cl +vst TG = f f;{x,y, t) sinysdy. {18)
0
Tuig is a first order non-homogeneous linear differential equation, with solu-

tion

t )
Tj = exp(-vsit) fexp(v 82 t') f f;(x,y, t")sinys dydt' +C exp(-vs?t).
’ ’ (19)
According to the third boundary condition; when t = 0, uj = 0 and therefore,

Tj =0. This gives C = 0, Usiug the inverse Fourier sine transform the solution
u; is obtained:

t o«
uj :-fr- Tff expl - vei(t-t")] i (x, y', t')sinys siny'sdy'de'ds. (20)
000

Integrating with respect to s this equation reduces to

4 s ——r jofapﬁml-f—t'l;exr)[-h.t_'. ] - exp[‘“(x+ : ]sdy'dt'..

2(nv) oo (t-t')? t dult-t
(21)

SKIN FRICTION

The skin friction can also be expressed in series form:

T = 121:0 “(%%’i)y . (ZZ)

=0

in which 7 is the shear stress and p denotes dynamic viscosity. The derivatives
of the approximation terms at y = 0 are

(%i“)yof? oj (t_ﬁf’_), aur (23)

T AR Y
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and fori =1,¢,3...

t
(2‘9“) = . 1 | il 0 ¢! gtt
9y /. H ( 2
+ & 1 of; - 12 ldt'd ' (24\
(t tl)it y! P Bl v ’
5 -

Substituting expressions 23 and 24 for uj in eq 22,

BURE E O T
(nv)E (t-t)F  (mv)} (t-t')2 11 y

{25)
is obtained. This is a series solution for the skin friction. The number of ap-
proximation terms depends on the type of motion, the shape of the body and the
degree of accuracy rcquired by the problem.

APPLICATION

U = (a1t + apt? + ayt? + agtt) h(x)

In this example the terms for i =0, 1 and 2 of series 7 are calculated. The
first integral term is

dh
3‘ -—-————r— dit = {Za, + 2.667 azt + 1,067 (33.’ + a‘;; alz)tz

(t-t')?
dk . 2 dh
+ 0. 914 (43‘ + ZE‘; alaz)t + 0. 813 (Zala3 + az )d_x + 1.478(3273.’ +

+ a,a,)-g-t‘-‘ + 0.682 (2aa, + a,z)—:—t‘ +1,273 a;a‘dh Ty

LI INE
+ 0.599 ag a—- ht2 | (26)
The zeroth order apm"oximation term for velocity is

t
4y = h S‘ erf ——Y—— (a, + 2a,t" + 3a,t"2 + dagt'?) dtv.  (27)
2[v (t-t"))2
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[he integration leads tc

g = h{2ta) Fo(n) + 42,2 Fy(n) + 6a;t’ Fy(n) + 8ag Fyln) (28)
where F,, F;, F, and Fy are functions ¢f n = —Z—l— .
(vt)?
1 o2
Fo = erfnfn?s+z)+nsne™ -2 (29a)
4 1 12,5 ] 1
Fy = erfn(%—w“;%* : e M {gn+3n?)-n?-3nt (29b)
2 28
F, = erfn(6 71+3ﬂ+ 5n‘}+w2e'ﬂ ( 45-1—,’+
4 2 4
ri I M v (29¢)
. et 6, 2 8 "3 o-m? (33
Fyzerfn(gententeqgnteqgen)em 2 e (Fgn +
374, 9 Loy 2. 4.4 6 2 8
ZW rgsntrrgsn ) o0t ot - et ygn (294)
. . of o2y,
The next step is the calculation of . To do this expressions for 5—-59— R
vo and i;zﬂ are needed ¢ yox
0 3 .
It can be shown that
2 3
g‘y’t—lan; = (Vt)-? g_: {alGot+Zazclt2+3aSGzt’+ 4a.G3t‘} (30)
in which Gy, G;, G, and G, are some functions of M.
-1
Gy, = 2nerfn+ 2w 2 e - 2n (31a)
Gy = ertnntezn) e n i Gudnt)- Ao - 2 (310)
8 8 -1 216 12 8
G, = erfn(ygn®+3nd+2n)+n 2 e (—l——+~5—n‘+T—5-r\‘)-
8 8
2n - ?"1’ - —I—S-ns (31C)
24 -nt 116
G,Zerfn(-—é-—n +l5n + 4n? +Z’.1'1)+'r|'2 n ( 5112
32 16 _ L4y .12 5 16 9
‘;_1'1 + 105N ) Zn - 4n 351 o5 N (3ld)

and

S Lo SP T LN

PR RN B A £ S SR

B A L

R

A gy B

e B MR s e

R T R

.
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azu h ]
Ty} = 5= {aysg + 22, (50 = 5))t + 3ay(s; -25) - 5,)t2 -
434(50 '351"‘352'53)}- (32)

In which s;, s,, s, and s, are some functions of n.

s = -2erfcn (33a)
21 2
sy = 4nlerfcn - 4n 2y e™M (33b)
8 g -1 el \
s; = -gn‘erfcn + ;-n 2(2n - n)e " (33c)
16 4 14 2 il
sy = gnterfen - gwt? (30 - $nd 4 n)e (33d)

Using the continuity equation (eq 3) vo can be calculated.
- - 3 dh 2 3
vo = =4(vit)? - {a; Vot + 2a,(V - V) + 3a4(V, -2V, + V)t

+ 434(Vo - 3\’1 + 3Vz 'Vs)t‘} (34)

in which V;, V;, V, and V; are some functions of n.

V, = erf n(ln+ln3)+1r-% (-l-+—1-1'|z)e""’z-l ’-ln-% (35a)
0 FALRE 373 31 73
- i1 s ‘%liz_l_o-z
Vi =erfn(gn-ggn®ier 25 eggn’ - gyt
1 1 -1
tygn’ mgm (35b)
- L B o 2 O S SRPUNE ST
Ve = erfnlgnigren’)+n ? (3+155n% - 37Em t3rsntle’
4 1 -1
T3TEN T (35¢)
. 1 . 2 oy, =3l 1 o, 1 6
V)'erfn(sn 945’1)+" (9+2527\ 630" +945"\
- Z 8 "y Z 9_1 ‘l
5450 Je tggEn’ g ® (35d)
of
Now a—yﬁ can be calculated:

of
- —a';' = {Zta{'kl + 48&132)\2 3 6t3ala3k, + Bt’azz)\‘ + 8t‘ala‘)\5 +
1

+ 12t%aa3hg + 168,007+ 18t5ay2 N g+ 24t8aya g + 3Zt7a,zajo}h$ (—:—)z

(36)
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in which A, i=1 to 10, are some functions of n which involve Fj, sj, Gj and Vj’
j =0 to 3.
2z

. L of, . ' .
The next step is to multiply a—yﬁ with exp [ W (o } (t-t')

-1
2 and to inte-

grate with respect to t', Substituting t/(t-t') =a and carrying out the integra-
tion the following result ig obtained.

t «w exp [_ H i\l,
4u(t-t f
(y A ld ﬂl, dy'dt' = - {4tza,zll + 8t3a,a,1, + i
o 1y2 dy ‘i
(t-t') L
0 ¢ ¥

+ 12t%a,l, + 16t%a,2L + 16t%aja,l + 24t3aa,] + 32téa,a 0y +

R

L
+ 36t6a,21, + 48t7aza L, + 64r&.21,0} hgD ¢2 (37a) "

where *
P E

L = S A ¢dn fori =1,2,....10 {(37) ¥

0

PR R

where i refers to the terms of the series in eq 37a and ¢ is a function of n cal-
culated firom the integral

PR}
o0
2
. -n? -1 .
¢(J!7]) = e"]z Se n‘a -(-17%——— da (38) ;
1 a2

where j is the numerator of the power of t in eq 36, every term of which can be

expressed in the form of amanxit"/z. The functions ¢(j,n) are tabulated in
Appendix A,

The integrals I; asymptotically approach constant values as n — o« It can
be shown that if they are integrated from zero to properly chosen values of n*,
the values of the integrals remain practically unchanged. For example
I, 0.0536 for n* —w I, = 0.0534 for n,* = 1.44 (39a)
I, = 0.0429 for n* - I, = 0.0428 for n,* = 1.44 (39b)
I, = 0.00952 for n* — o I, = 0.00951 forn,* = 1.23. (39c)

It

The values of n;* and n,* refer to the boundary layer thicknesses for the
cases where U, = ha,t and U, = ha,t? respectively. They are calculated from the
relationships u, /U, = 0.99 and uy, /U, = 0,99 anc used as upper limits for the
first and fourth integrals since \, ¢, and \¢¢y involve only the functions due to
the terms linear and quadratic in t respectively. The second integral involves
the cross product terms and therefors the higher value of n* is chosen.

-y
¢
&
%
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The values of the other integrals are

I, = 0.0237 for n* = 1.44 (39d)
I = 0.0151 form* = 1.44 J39%e)
L = 0.0112 for n* = 1.23 (39 1)
I, = 0.00751 for n,* = 1.23 (39g)
I, = 0.00345 for ny* = 1,09 (39h)
I, = 0.00477 for ng* = 1.09 (391i)
I, = 0.00168 for ng* = 0.99. (39 j)

Now the next term of eq 25 will be calculated. The first order approxima-
tion term for velocity should be calculated by using eq 21. It can be shown that

dh
fi = bz {225, (n)t? + 2a;a,;5, (n)t + 2a,a,5; (n)t*

+ 3284 ()t + 22,4455 (M)t + 22,2454 (n)t® + 23,345, (n)té
+ 225y ()6 + 22,259 ()tT+ 2¢2S;q (n)t} (40)

where Si(n), i = 1 to 10, are some functions of n calculated from eq 6b. The
terms of f; are to be multiplied with the kernel in eq 21 and integrated. Since
the Sj(n) functions are quite involved, they are approximated to fifth degree
polynomials in n by using the least squares method.

The next step is the integration in accordance with eq 21. Each term has
the form of

t oo ,m; Am 1_]l'l
‘S S - {K} dy'dt’ (41)
P (t t')

=
o
pos
1]
Nl
= o
o
¢s

o

in which K denotes the kernel. Changmg the variables t’ = a®t and ob: :rving

that y' = 2(vt’ )Zn and y = Z(vt)z n, ujj can be written in the following form

1 o
n
.1 dh mj+ ¢(mj+1)
Wi = en? h&;t 1 Z Ain ‘S‘S‘ a %{K}T] dn' da.
0o 0

(42)

Since the value of u}; becomes small at the edge of the boundary layer, the
upper limit of the integral is changed from o to n;* and the integration with re-
spect to n' is performed for each term of the polynomial, i.e., for the values
of n varying from 0 to 5. The results are shown in Appeandix B. Next, the in-
tegration with respect to a is carried out by a digital computer at chosen values
of n with the values of m; varying from 2 to 8. Thus, eq 42 reduces to
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-1 . dh my

5
+1
Wi = 2w 2 hgo t %Aincni(ﬂ) (43)

where the values of C,i are tabulated in Appendix C. The values of u,; are cal-
culated at chosen values of n and the results are approximated to tenth degree
polynomials in n by using the least squares method. Thus, an approximate
expression for u, is obtained.

dh 2
u = hd—x‘ N {31281 (n)t? + 2a,a,g; (n)t* + 2ajaygy (n)t®

+ a2g ()t + 2a,a4g5 (n)t8 + 22,3484 (n)té + 3323-481(ﬂ)t7 + 33283('l)t1
+ 2a3a,89 (N)t® + aglgy (n)t?} (44)

where gi(n), i = 1 to 10, are tenth degree polynomials in n. Since in this cal-
culation process two approximatinns with the least =quares method are involved,
it is advisable to check the accuracy cf the expression for u;. To do this, v, is
inserted in eq 4 and it is found that for all practical purposes the equality is
verified. In this connection it should alsc be pointed out that the values of

g,(r‘) should be the same as the values of Blasius' {,' function multiplied by

%vi . In order to make the comparison both of these functions are plotted in

Figure 1. The values of the functions up to n = 0.8 are practically the same

and the curves deviate slightly from each other above n = 0.8. This is further
evidence that the polynomial approximations are satisfactory. Incidentally the
value of Blasius' function at n = 1.0 is 0. 069 and not 0. 02 as tabulated by Blasius.

T T 7 ) T T v T T T v T T
r 4
r b
- -

L g

Figure 1. Comparison of g,(n) with Blasius' %w} {y' function.
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o G
Now 1y can be calculated,
=1
= =~ h{my~2 4 (n%l {Za,’ﬂ/z {Fo%%)l *soel]+ 4a,%a,t9/?

d d d i
l(FO a—:‘]‘ - 50 ez) * (Fl —dlé]l + Sltel),+4alza3tll/z {(FO —dg’]‘ 5083) +1.5

d d d
(F, ‘ag,';‘ * sztel)] v 2aya,?tll/e [(Fo ’d‘%l" +Soeq) + 4(F, ‘d%f * Sxtez)]

d

+ 4a a1y {(Fo Ti%f -syeg) - 2 (F, %%‘1 + Sstex)] + 4a;aa,tld/2

d d . d
,(Fo _aﬂnh * Speq)+ Z(Flagn“ * tyrey) + 3(F2—d§]L + sztez)] + 4, 13/
I d : d d
lF“c_i%)‘ + slte‘] + 4a;a,a,t!52 [(1-‘0 E%Z +spe,) + 2(F, ?i%]i + Steg)
d , d
+ 4(F’T:I§)& *Satez)]* 2a,a,t1%2 I(Fo‘a%f *Speg) + 6(F2%5q-‘ * Sztey)

3
+ 8a,%a,tl%2 [(Fl %Sni +5,1€4) +0.75 (FZ%%’ + szte4)]» 4ajaya,tl?/2

d d ]
[(F° —d%,SL *Sg ) + 3(FZE§,’ + Syreg) + 4(5‘,%%‘ + Sytey)] + Ba,fatl/e

d d
I(Fl—d%]l + slte'l) + (F,E%]‘ + s’te‘)’ + 4aza‘ltl7/z {(Fl%gqﬂ + S“es)

d d d
+ 3(Fz‘a§]‘* Sateg)| +Bayayative l(an‘i" tSireg) + l-S(FzT:ﬁ‘J +Syteq)

d d
+ Z(F’—cﬁ]‘ +sne6), + ba,Miye IF"'E%& + Sye,

+ 2aja k192

d

d d 810
l(Fo —a-ﬁm- +S5,€,) ¢ 8<F’E§\‘ + Sypeq) 13 -t S ®50)

+ 4a,a 20l [(F
dg.
+ 4“)?{%‘ * Snt"?)' + 12ayta et/ I(anxldn +Spreq) + %(F:%é‘! * sne.}}
v 6aya Ve [(p 9Rin. 8 d 81Ty
2ty y stes :
2334 13, *StE)+~3-(Fasql + 8yreq)| + BatuW2

|, el e (@ e, - v, ]




A NEW SOLUTION OF THE BOUNDARY LAYER EQUATICN 13

d? dg, |
+ 4aj2a, 19/ [(Go g - Yo ]Tngl‘ ) + (Gygy - Wy ?ngtl ) l + 4ajfaytt/?
d? d qnfi | d
(Gogs‘voa%‘)+ 1-5(ng1'vzt?ngzl) 4+ 2a,3,% ](Go&'voa‘,?)

d? d? d?
+ 4(G,g, - Wiy ?nﬁf)} + 4a,2agt1d/2 [(G0 85~ Vo) + 2(Gsgy - Vit E]E,l)-l

¢ d? d2g, 1

b 4aja;aztt/? [(Go 8¢ - Vo?ngl‘) + 2(G,gy - Wit Tj;]gl‘) + 3(G,g; - Vztg‘ng[‘) ' !
d?. , dl dz

+ daja,a,19? [(Go g1~ Voa‘nszl ) + 2(Gygs - ¥ xtg;]sf) + 4(Gyg, - Vst‘g;]g}‘).’

[ 42 d2eg. Y
+ 2aja,2t12 L(Go 8s" V°F§) + 6(G;g,y - Vzta’;]sz‘) |+ daaya "2
<

g2 dz 4z
,:(Go 89~ Vo E‘fzi) + 3(Gygy - Vthns!‘) + 4(Gygy - Vst?ﬂs!‘).1 + 22,2212

2

d d? | dt
[ (Go o = Vo S888) + 8(Goms - Vi | ¢ 40207 |G- v, G |

2 2
+ Bayta,t1%/2 L(Gngo - Vlt%ﬂ’) +0.75(G,g, - Vzt%‘,‘?ﬂ + 8aa tllf?
42 d2 42
[(Gng tha'nstl) + (Gygy - Vsﬁ)} + 4a,a,t1/2 [(0185 - Vng‘ngf)

dige. ] 1 d? . dt
+3(Gie - VNT“%” |+ BazayatV2 | (G - ann‘sl‘) + 1.5{Gyg, - Vzt‘d‘n%])
» L

: g 1 4 < 9]
+ 2{Gygg - Vsz‘&;ﬁ‘ﬂ + 4a,a,0t21/2 L(Glgw - Vn?,flm) + 4Gy, Vyy —d'f,l);

¢ : 2
v baydt1s/2 [ng,- \.'“d;;‘%!.] v 12ayta it/ [(Gzﬂv . V“%;]S,‘ ) s _;:

2 ;’ 2 H
(G‘g. . V|. 91'%’ ).1 + "ﬂga‘zll’/l ‘((’lgl“ = v:. éf‘@“‘) + §- (G,g? = V'-._q‘_h-)11
e EE) Cn Vi 4 - L - 1 un ’ LA cn 5
: d¢ hi
+ Ba sz iLG;Sw "V ‘a'gfn‘ " (45)
i ‘{
where e; - - S 8GN, Syp v 8 -8y, 8, T By - 25, ¢ 8, 8, 7 8y - 38, 4+ )8, - 8, !
t

Vig = Vo = Vi, Var = Vo -2V sV, Vi =V, =3V, 03V, - V.

Each term of this equation has the form of a,, ap ay KJ/ZX {n) where X_ is
the function of n in the brackets. Each term is to be multiphfd with
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2 1
' . -3 , o t
exp [' W{t—j)’] {t-t1) ¢ andintegrated with respectto ‘. By substxtutmgt—-_? = a

and integrating with respect to a, o(j, n) functions, where j is the numerator of
the power of t, are obtained, They are tabulated in Appendix A. Thus, each
o]

: . ) j+2 2
term can be written ir. form of A, a, agt

f¢(jnﬂ)xp(ﬂ)dn. Changing the

0
upper limit of these integrals from w to “p‘ and performing the integratian, the
following result 1s sbtained,

g ]
€XF1l [~ =— 1 2
ﬁ#jfj’l oL ayrar - -znel ;alm[o.om;se %
(t-t")? y

o0

2 2
+0.0282 (%2)‘] +atats [o.ozzq hSs + o.oaza(g—:)‘] s aayé o, 0195h Th

‘dh'l] 2 ‘[ d?h (dh 2] 2o a1 [ d?h

+ 0,053] (a—;) + a,a,t O.OIBZhW + 0.0508 a‘;)‘ + a;%agt 0.0172hm
dh\? - d¢h dh)?

R 0.0455(&)] + a,aza,t7[0.0309hm R o.osse(d—;)] vt

2 2 i- ¥
[0.00485 h g + o‘bus(j—:)} a,3,24t8 [o.oabsh%(% + 0.108(30) ] N

Ldx.
d? ; ih ¢ 2 2
a 2,218 [o.muhd—xl‘, ' u.ows(%?)} az*a,t'[o,0113h%§ < 0.0649(S7)

]
]

o d2h o (dhyt :
a aya t? lO.O&ﬁGhW + 0.0077(3_)]‘* a,ta ! [O~O“Q hg_{t} ' 0.032(:-:) ’
o dth : ~ 5
aza,zt’[O.UA HJha? + 0,011 l/::—:])]» aza’a‘tlo [U.Oi-&hhgﬁ-‘h « 0. 0062 ((% ]‘
2 dh\ : nyé
v10ln poicq, dih : E’E], V zw[ ,4Th 374 (40 }
a,%1%10. 00357 h 7 »0.00*43(“) a,att O-OH?-T‘:'O-O”*(K)

4 [ & S0 g-’
axa‘zt“[().O. g_\i} . U,O-&SZ(;——:)‘] N alia‘!nl\,.,’ ! l!‘c_l 2 . Dy 1{(“} J .

. dd o, (dhy : dh ¢
aya ittt [0.014%&;; . o.un:(%)]- a,’f”[O- 00*”3‘3 : 0~m‘g(ﬂ3)]$'
) X

(4¢)

Higher order approximiation terms far = and u can be calculated in the

Samie o tner. Polvoomial approaxumat.ons are guite accurate and can be suc-

cessfull ased th calcalate approximation termas, Generally the ¢ocfficients of
déh (dn e . ) i . . . _
hp and Is rapidly approach their final values. For examp.e, the first set
x N
4 cnefficients changes oniy by 1Y% between n 0.8 and n Lodo Therefore, slight

discrepancies inou far hagh vaites of N, such as the discrepancy above v 0.8 1n
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the expression for g,(n), nave very little effect in the final answers. However,
if more accuracy is required, different ranges of n may be considered and
separate approximations for these ranges may be made. Incidentally the coef-

2 2
ficients of h%)—(l; and (g%) for uniform acceleration should be the same as those

given by Blasius, Blasius' values are slightly different; they are 0.010 and
0.026 respectively., Apparently Biasius has made a slight numarical error be-
cause, when these coefficients are calculated according to Blasius' own formula,
the same values as those presented in this paper. are obtained,

CONCLUSION

The integral solutions (eq 16, 21 and 25) are useful in calculating the suc-
cessive approximation terms ior the shear stress in an unsteady laminar boun-
dary lay>r. These integral solutions are valid for arbitrary accelerations and
in this paper the irt.grations are carried out for the first two successive ap-
proximation terms in an example. The example is choser so that it mav be
useful to the readers in approximation of the other velocity variations,

Generally, it ts difficult to calculat ‘-ese integrals without any approxi-
mation. However, as shown in this paper, polynomial approximations leading
to accurate results, for most practical! purposes, can be made. Higher ader
successive approximation terms can be readily obtained in a similar manner.
Since these calculations can be carried out with a high speed digital computer,
the method may prove quite useful in caiculation of the successive approxima-
tion terms 1n unsteady boundary layer problems where separati~n does not take
place. Higher order successive approximation terms ray not oe needed for
the cases where separation takes place since generally separation occurs a
short time after the onset of the motion,
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APPENDIX A L7

¢ Functions

&{3.n) = Zy-225+ 2Z;

M5.m) = Zy-3Z25+ 3Z7- 2

®(T,n) = Zy - 4Zg+ 627 - 429+ 2y

${9,m) = 23 -5Zg+ 10Z7 - 10Zg + 5Zy; - Z;4
$il,n)= Zy - 6Zg+ 1527 - 202+ 152 - 6Z)y + Zyy

$(13,m)= Zy - 725+ 2127 -35Z9 + 352, - 212,y + 7215 = Zyg

&(15,n)= Zy - 8Zy+ 282 - 56Z¢ + T0Z,; - 562,y + 28Z;5 - 82, + Zy,

S(17.n)= 2y - 9Zy+ 36Z7 - 84Z9 + 1262, ~ 12625 + 84Zy5 - 36Zy; + Y4ipg - 2y
&(19,n)= Z; - 10Zg + 45Z7 - 12024 + 2102y, - 252Zyy + 210Zyg - 120Zy; + 452,

“10Z;y + 2y

®(21,m)s Zy - 1124 + 5524 - 16524 + 3302y, - 462Z,; + 4622,5 - 330Z;, + 1652,

#(23,n) < Zy - 12Zg + 6621 ~ 2207,

#(25,7

4952]1 - TQZZi, + 924215 - 792211 + 495219

+
~2207,, + 662, - 12Z;5 + 2,5

=zt

J= 2y - 1324 + 78Z, - 28624 + T15Z, ~ 12872y + 1716Z;4 - 17162y,

+ }.2872‘;? - 713221 -+ 286223 - 78225 + 132:7 - Zz’

All Z; are functiona of n as defined below:

Iy =

2.0 - 3.54490770r e erfcn

0. 66666667 - 1.33333333n2 + 2, 36327179n%e™ erfcq

9.40 - U.26b66666n? + 0.53333333nY - 0, 9453087105 & erfcn
0.28571428 - 0. 1428571n% + 0. 076190484 - 0. 152380950 + 0, 270088261

t
el

0.22222222 - 0.06349206m% + 0, 02539682+ - 0, 016931224% + 2, 03336243n8-
0. 0600195909 e™ erfcn

0,18181818 - 0.04040404n% + 0,01154401n® ~ 0. 0046176008 + 0, 06307840n8 -
0.00615681n% + 0.01091266n! e erfcn

0.15384615 - 0.02797203n% + 0, 00621601n% - 0. 001776000 + 0. 00071040n3-
0. 00047353710 4+ 0. 00094720n* ~ 0. 0016788301 &N’ erfcr,

0.13333333 - 0.02051282n% + 0, 0037296%n% - 0. 0008288015 + 0. 00023 650n8 -
0. 6000947291 + 0, 00004315

0.11764706 - 0.01568627n -0, 00241327n* - C.00038781% + 0. 00009751n?
0.10526316 - 0.01238390n% ¢+ 0.00165119n*% - ©, 00025402n*

0. 09523809 ~ 0.010602506m% + 0. 001 17942n* - 0. 0001572648

erfcn

?
!
!
i




0]

APPENLU A

0. 08695652 - 0.0082815Tn¢ + 0.00087174n* - 0.00010256nt
0.08 - 0.00695652n% + 0.00066256n% - 0.00006974n%
0. 07407467 - 0.00592593n% + 0.00051530n* - 0.00004908n®
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Calculation of the integral
#*
i
a 2 m;+1 n
J. = a( 1'){1(}7]' dn'
" (1-a2)?

0

where
for n=0, i, 2, 3, 4 and 5.
Iy = - L’z')é a?™* forf B, + erf B, - 2erfB,)
3 = o™ ,(—Eﬁ n (erfp, - erfp,) \»ﬂ-'z-“-z-l%(e'ﬁzz - e Bf )!
5, = -a?™1 | L’?E [nt +3(1-0%)] [erf B, + exf B, - Zerip, |
+n(-a)t (B 4 B L 5B
+g-at) (28, o P - g P g P
Ty = o¥m72 l%‘ﬁ [+ 30 (1-02)] bre g, - ertp))
3+ z0-a)] (-atit (e - PRy L 31 (1oaty (g, e P g, 0P
+7 (-ap (e L pp ool
Jo = -®m73 'L’:,_)-%- [n® + 302 (1-02) + 3(1-a2P] [ert B, + ertp, - 2 erep,]
#1204 2n (1-at)]) (1-at)} (¢ TP 4 o PE L o0oBS
+ (3024 3 (1) (1-02) (2 By P’ - 5,37 - o P
- 2n (1-a2p2 (2 e P - pae Pl | pzePH
+3(1-0tP @B2e ™D - p3ePE - ppo )

B
0
5

2
é\,
&
p.
H

{ ]

#

i

3

A4

P
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3y = o?m4 ’ﬁzﬁ nt e 5t (1-a?) + 12 (l-a‘)z](erf By - erf B,)
+[§ n e St (1-0%) & (1-02F] (1-00)F (7B . o B,
Lo -y 4 22, u-al)l] (Boe P - pye P
+l5n? (1-03 V2 4 (1-a?p/2)(ze"PF . g2 PF
-7 n (-ap (e P - e P
- (1-atpz (pre™PE L gy -BE)
where

ﬂ = m‘i ’ ¥ :!l+_nﬂlT'*’ d =_L—r "
S R (a0 P (1-a)
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e .

n Co1 tu ta tan Cu) Cs1

2.1 0.087%0 .%3122 5.01%5 0.01L35 0.51361 6.013%~
L. 7.1k959 7. U620k 2.937% DYAT . R85 L eyt
3 7.191% R: 0] %5715 RN RY 2.0LE5 ULTLS
RS 2,21991 .12063 2.08621 7.0703 AT 2,073
2.5 2.23702 2.167% 0.11797 [ 1Y) 2.99%i 5.99361
) n.2u5% 9.17152 5.13337 7012657 G, 125e¢ 7.13045
T L2652z J.19222 7.16%24 0.1505 2. 1851 17515
T 5.2u503 % 20530 2.19590 0.19691 3.2307 0.23215
"3 2.2%79 5.21979 7.22012 0.23251 0.2%61% 0.2929%
1.7 G.22351 7.22391 7,2381% 5.263% G X% 35k3e
1.1 0,20L87 2.21943 0.20554 0.28581 2.33937 G.b1087
1.2 0.15017 7.20R51 026112 0.2913% 0.35865 0.ubT0
1.3 0. 16846 2.17555 0.21693 0.27181 7. 3555 D, ikl
1.k 0.10%5L5 0.1313 0.16809 0.21506 0.25129 1 HP3

i-=2

n Co2 "1z Cop C32 Cip Cs2

%01 0.0739% 2..0%7 0.01251 0.00911 0.00507 7.07307
0.2 .12380 0.7hT12 . 12615 0.01945 2.017%% 7.01727
2.3 0. 15637 2.07011 Qok2 % 0.03213 7.02275 0.02983
0.k 0.1769% S U92% 0,060k 0.04811 0.0k277 0.0LbL1x
2.5 2,18917 L.11351 0.08179 3.06804 0.76348 0.034T2
1.6 6.19939 0.13309 0.10473 0.09215 0.03382 0.09214
0.7 0,18705 0.1%053 0.12682 0.1201b 0.12024 C.1275%
0.8 C.19493 1.16505 0.15273 5.15097 0,15750 6.1719%
0.2 0.18928 0.17%5 0.17487 0.18263 0.195% .224%10
1.9 0.17991 ¢.18106 0.19222 0.21196 0.2u0% 0.280%0
1.1 0.16627 0.17961 0.20221 0.23428 0.27758 0.33500
1.2 0.167062 0.16921 0.20060 0.26308 0.29952 0. 370D
1.3 0.12207 0,172 0.18223 0.22954 0.29291 0.37763
1.b 0,08847 0.11027 0.1k061 0.18204 0.23832 0.3147)
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123
n 33 13 ca3 33 Cu3 Cs3
5.1 2.05003 .51 3.20916 ¢.00621 0.00522 0.00502
.2 £.10613 o772 3,01954 0.013k9 0.01137 0.01095
2.2 13203 L3828 2.33192 2.02283 S.13L7 0.21331
o J.16803 T o7k 3k 5.0u665 2.03512 0.03060 0.0293¢C
5 3.15715 2.29175 J.0637% 2.05099 5.0L5838 2.04535
3.5 7.15163 9.:0816 3.2%90 2.07081 0.06630 0.06700
w7 5.16292 5.12312 J.103%5 0.09kL6 2.09261 0.09620
2.3 l.151kk 3.13%%2 2.1206b3 0.12122 0.12u52 0.13387
) 15739 2.1u501 2.16431 0.14955 2.15120 0.17375
L2 7.150.9 J.15198 2.15120 0.17676 0.13975 2.23135
1.1 1.1k00% 2.15223 2.17164 0.138N 9.23h9e c.2d872
1.2 3.12512 2.18L79 0.17235 3.20926 0.2530¢ 0.32221
L3 J.,10612 3.12631 2.1579% 2.1997% 3.25%3 J.33023
1.~ 297532 ~.09456 0.12:51 C.15820 3.20802 2.275%69%
Lz 4

n Cou Tlk Cau C3h Cu Csi
St 2.06k12 2,01342 0.00850 0.00533 0.00405 0.00346
1.2 2.10531 2.2361 2.01810 0.01157 0.0088z C.00755
1.3 9,13077 2.06k38 2.,0294LL 0.01953 0.21500 C.o129%
Do G.14578 50713 0.0k270 2.02987 0.02362 3.02069
£ 2.15%8 208717 0.05767 0.0k292 040351k J.0310k
26 3.15646 J.lvlb 0.07312 3.05863 0.05009 0.0u540
27 3.15512 21124 Q.08 0.07631 0.06836 0.06401
3 24 199k <.12081 3.10k27 0.094u5 3.03839 0.08638

. J.16257 2. 2377 2.13483 2.11001 J.10912 2.1103¢
1. 7. 12610 51139 2.11928 2.12003 J.e2? 9.1307h
1.1 3.10%02 2,10587 2.11081 0.117b 2126k 2.13802
1.2 J.07513 U.07869 0.08476 0.09295 0.10326 0.11587
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3
n Co5 €15 c25 C3s Cus 55
2.1 0.05752 2.01569 C.00763 ©.00bl6 G.003% 2.00330
0.2 2.09119 0.03131 0.01519 €.00985 ©.00790 2.00733
2.3 3,136k 0.0b678 0.02517 0.01706 2.01389 0.01294
2.k 0.12722 0.26196 0.03732 0.02688 0.02249 5.02117
0.5 2.13423 0.976T 0,05168 0.03994 0,037 0.03334
0.6 2.137%6 6.03%079 9,0680% 0,056k 0,055k 0,35092
0.7 3.13859 0,10385 0.08594 0,07700 0.0739k 0.075k2
(e 5.13753 7,115k1 2,10454 0.100% 0.12185 0.10797
7.9 C.13453 S.2Th 2. 12262 2.12608 0.1366 0.14373
1.9 0.1272% 2.130% 0.13837 0.15131 0.17011 2.19591
1. 7.,12109 7.13219 0.14919 0.17255 0,203%9 9.2L43%6
1.2 2.10359 7.12579 0.151k0 0.18408 2.22708 ¢.283%0
1.3 3.79105 511175 3.13984 C.1TTNS 0.227% 0.,294%0
1.4 39653 L9330k 7.1CT% 0.14043 n.18533 2.2u530
)
n Coh C15 C6 ¥ cu c%
%1 7.087%) 7,015k 0.00664 0,00395 0.00288 3.00239
.2 0.09T0 0.0¥H5 0.21433 0.20871 0.00538 0.00%31
Gl 0.11377 7.0k Y. 0.02%5 0.01504 0.01129 2.009%
Lok 0.12573 3.06007 0.03u8 0.023% 57,0197 0.,01529
i 0,1319% 2.37370 0.GUTER 0.03ubk 0.72769 0.22355
200 1,137 1.0k 4.0h1TT ,0bayl J.0L0ST 0.OPLE
7 1.13302 0.96M8 .07519 2.06608 0.7 14,052 i
o 7.12096 UL 10k0 2.09955 ., 03088 EIRIELL 2.97ery
‘e 0. 12107 107Ny G.099TY 0.0958u Goughied 0.79%1«
1o R G LNTT 0.19¥% 0,10%%8 2093 Yoliky?
1.1 .I71%8 S ANT 3.09T9 2. 10M0% .1129% 0.12313
i 0.06%): 1 AR 0.07W53 N, - -4 5.0918) 3.17137

G2 R, st 2
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Co7 C17

C37 Cl.? Cs-r

0.05198
02,0829
0.1007

0.01320
0.02630
0.03920
0.0517k
2.06368
0.27u68

0.003%02
0.00673

0.00212

0.00171
0.00387
0.00700
0.01180

0.004T9

0.01197

0.00861

0.11057
0.11548
0.11714

0,01915 0.01428

0.02673
0.0k080

Q.02247 0.01905

0.03373 0.02962
0.08418 0.06601 0.05500 0.04821

0.09138

32,1163
2.11306

0.0kb16

0.06533 0.06263

0.10696 0.09503 0.08826 0.08460
0.09696 C.09329

0.0813 ¢.08339

0.03318 0.0835%
0.09TTh

0.10272

0.10172 0.11141

0.08292 0.093%1

1.2 0.05739 2.06130 G.06691 0.0TN09

Cos <18 Cog Cyg ug Csa

2.05180 Y]

0.00273

0.5%53 L w2581

J. 00613

309997 1.03831

0.010;3

9.10925

0.05022 0.01713

L0909
0.02533 0.,u130 D.01.57

¢.113% LomT

0.113%9

0.07059

7.0353% 2.02Th2
0.110%9 0.07760 0.058k1 9,06621 0.0340s
0.1039% 0.080% 2.06626 0.0%26

Re iy bl

[

03238
0.0k3N9 2.0M38

2.06260 L0878

0.,05378

0.0%9%3 LA5T6) 2.0
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n Coy C19 Ce9 Cy ) s

0.1 0.047%8 0.01138 0.00426 0.00219 0.00138 0.00100
0.2 0.07889 0.02265 0.00939 0.00498 0.00318 0.00230
0.3 0.08988 0.03%7 0.01583 0,00894 0.00585 0.00428
0.h 0.0976h 0.,0kk265 0.0R3TC 0.01hk9 0.00989 0.0073%
0.5 0.10095 0.05411 0.03279 0.08186 0.01578 0.01219
0.6 0.10116 0.062T2 0.0h257 0.0309% 0.02375 0.0191%
0.7 0.09865 0.06932 0.0%0% 0.C#100 0.03357 0.028k
0.8 0.09303 0.07268 0.05960 0.0%0%5 0.0uh02 0.03920
0.9 0.0811h 0.07088 0.06262 0.0%667 0,052k 0.04887
1.0 0.06685 0.06090 0.05T0 0.058h2 0.05262 0.051h1

Lx10

" €9,10 ¢,w €2,10 C3,10 Cu,10 Cs,10
0.1 0.0h398 0.01000 0.00350 0.00166 4.0009 0.00064
0.2 0.0683h 0.01987 0.007T8 0.00384 0.0025 0.00150
0.3 0.0811% 0.02948 0.01320 0.00700 9.0042k 0.00285
0.4 0.08TR 0.03058 0.0198% 0.0114% 0.00TY 0.00%03
0.§ 0.0893% 0.0MT9 0.02TR 0.01731 0.0i174 0.00843
0.6 0.0007) C.0PNT 0.0352 0.02428 0.01762 0.013%
0.7 0.08A15 0.057% 0.0A170 0.0310 0.02432 0.01942
0.8 0.07%90 0.057h2 0.04525 J.03665 2,090 0.RRT
0.9 0.061h6 0.05%016 0.,08224 0.0 Y 2.01165 0.00T92
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